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Background: Experimental data on 96Zr indicate coexisting spherical and deformed structures with small mixing amplitudes.
Several collective low-lying states and E2 and M1 transitions are observed for this nucleus. A consideration of these data
in the full framework of the Geometrical Collective Model is necessary for 96Zr.
Purpose: To investigate the observed properties of the low-lying collective states of 96Zr based on the Geometrical Collective
Model.
Method: The quadrupole-collective Bohr Hamiltonian depending on both β and γ shape variables with a potential having
spherical and deformed minima, is applied. The relative depth of two minima, height and width of the barrier, rigidity
of the potential near both minima are determined so as to achieve a satisfactory description of the observed properties
of the low-lying collective quadrupole states of 96Zr.
Results: Good agreement with the experimental data on the excitation energies, B(E2) and B(M1; 2+2 → 2
+
1 ) reduced
transition probabilities is obtained.
Conclusion: It is shown that the low-energy structure of 96Zr can be described in a satisfactory way within the Geometrical
Collective Model with a potential function supporting shape coexistence without other restrictions of its shape. However,
the excitation energy of the 2+2 state can be reproduced only if the rotation inertia coefficient is taken by four times
smaller than the vibrational one in the region of the deformed well. It is shown also that shell effects are important for
the description of the B(M1; 2+2 → 2
+
1 ) and B(M1; 3
+
1 → 2
+
1 ) transition probabilities. An indication for the influence of
the pairing vibrational mode on the 0+2 → 0
+
1 transition is confirmed in agreement with the previous result.
PACS numbers: 21.10.Re, 21.10.Ky, 21.60.Ev
INTRODUCTION
It is well known for a long time that nuclei can exhibit
both spherical and deformed shapes including the inter-
mediate region of nuclei transitional from spherical to de-
formed. What is more interesting is the phenomenon that
a given nucleus can exhibit different shapes depending on
the excitation energy. This phenomenon of shape coex-
istence has in recent years become the subject of many
investigations in nuclear physics. Even more, shape co-
existence is becoming to be considered a near-universal
property of nuclei [1]. A large number of papers, includ-
ing reviews [1–4], are devoted to investigation of shape
coexistence [5–20]. Various approaches have been em-
ployed to study this phenomenon [21–27].
Among different examples of shape coexistence evi-
dence for Zr isotopes with their change of the shape with
excitation energy are especially interesting. Shape evo-
lution can be characterized by a smooth or abrupt tran-
sition from spherical to deformed shape, and a signifi-
cant or suppressed mixing of configurations with different
shapes can take place. Such information is contained in
electromagnetic transition probabilities and a high purity
of coexisting shapes has been established in 96Zr [28].
In this paper we apply the Geometrical Collective-
quadrupole Model to a description of the properties of
the low-lying states of 96Zr including the shape coexis-
tence phenomenon. Although an explanation of shape
coexistence is a subject of microscopic nuclear model-
ing the Geometrical Collective Model deals directly with
shape dynamical variables and, thus, may be capable of
describing the dynamical consequences of shape coexis-
tence and the properties of the collective low-lying states
in general.
It is an open question whether a potential function in
terms of shape variables can exist which allows for a re-
production of the data on the coexisting quadrupole col-
lective structures of 96Zr. The aim of the present paper
is to investigate a possibility to describe, in principle,
the properties of the low-lying collective states of 96Zr
and the amount of mixing of the configurations charac-
terized by spherical and deformed shapes based on the
quadrupole collective Bohr Hamiltonian. It is also inter-
esting in what characteristics of the collective states shell
effects are most pronounced.
HAMILTONIAN
The quadrupole-collective Bohr Hamiltonian can be
written as [29]
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where ω = BββBγγ − B2βγ is the determinant of the vi-
brational inertia tensor
Bvib =
(
Bββ βBβγ
βBβγ β
2Bγγ
)
. (2)
The moments of inertia ℑk with respect to the body-fixed
axes are expressed as
ℑk = 4Bk(β)β2 sin2
(
γ − 2pik
3
)
(3)
and r = B1B2B3. The components of the angular mo-
mentum in the body-fixed frame are denoted as Jˆk and
can be expressed in terms of the Euler angles. The po-
tential energy is denoted as V (β, γ). The Hamiltonian of
Eq. (1) is a general case of the conventional Bohr Hamil-
tonian [30] allowing for non-diagonal vibrational inertia.
In the present work we aim to investigate whether it
is possible to construct a potential energy in such a way
that all existing data on the energies of the lowest angu-
lar momentum excited states and the transitions between
these states will be described. If such a potential can be
constructed will it demonstrate the shape coexistence by
having two minima: spherical and deformed. Previously
in Ref. [31], this problem was solved under the assump-
tion that the γ degrees of freedom can be separated from
β in the potential and the value of γ is stabilized around
γ = 0◦. This is obviously a rather crude approximation
at least in the region of small values of β. In the present
paper we avoid this assumption.
To simplify consideration, we make the following as-
sumptions for the inertia coefficients:
Bββ = Bγγ = B0, Bβγ = 0,
B1(β) = B2(β) = B3(β) = brot(β)B0, (4)
where B0 is the parameter scaling vibrational and rota-
tional masses. We keep in Eq. (4) the rotational inertia
coefficient because in the case of the well-deformed axi-
ally symmetric nuclei the inertia coefficient for the rota-
tional motion is 4-10 times smaller than the inertia coef-
ficient for the vibrational motion [32, 33]. In a complete
correspondence with this result it is shown below that in
order to explain the excitation energy of the 2+2 state it
is necessary to take brot several times less than unity.
Under the assumptions of Eq. (4), the Hamiltonian (1)
takes the form:
Hˆ = − ~
2
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1
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3∑
k=1
Jˆ2k
ℑk(β) + V (β, γ). (5)
The potential energy V (β, γ) is assumed to have two
minima, spherical and deformed, separated by a barrier.
This is in correspondence with the considerations [5, 20]
in the interacting boson model with configuration mixing
(IBM-CM) where two configurations with different total
number of bosons have been taken into account in or-
der to include the effect of shape coexistence. We expect
that the wave function of the lowest excited states are lo-
calized in these minima while the weight of the function
inside the barrier region is strongly suppressed. There-
fore, it is reasonable to assume that the quantity brot
has constant (but different) values in the regions of the
spherical and deformed minima and the change from one
value to another takes place in the region of the barrier.
In this case, brot can be taken outside of the derivative in
Eq. (5) as it only gives the non-zero contribution in the
barrier region where the wave function is close to zero.
Thus, we obtain finally the following model Hamiltonian:
H = − ~
2
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)
)
+ V (β, γ), (6)
where
brot =
{
1 if β ≤ βm,
bdef < 1 if β > βm.
(7)
The magnitude of the brot inside the deformed minimum
is obtained by fitting the excitation energy of the 2+2
state. The change from the spherical to deformed value
of brot occurs at β = βm which is taken around the max-
imum of the barrier separating spherical and deformed
potential wells. Our calculations show that the precise
3value of βm does not affect the qualitative results of the
calculations.
To solve the eigenvalue problem with the Hamiltonian
(6) we expand the eigenfunctions in terms of a complete
set of basis functions that depend on the deformation
variables β and γ and the Euler angles. For each value
of angular momentum I, the basis functions are written
as
Ψ
nβvα
IM = R
(nβ ,v)(β)ΥvαIM (γ,Ω), (8)
where ΥvαIM is the SO(5)⊃ SO(3) spherical harmonics,
which are the eigenfunctions of the operator Λˆ2:
Λˆ2ΥvαIM =
[
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∂
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+
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4
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k
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sin2 (γ − 2pik3 )
]
ΥvαIM = v(v + 3)ΥvαIM . (9)
In addition to the angular momentum I and its projec-
tion M , each function ΥvαIM is labeled by the SO(5)
seniority quantum number v and a multiplicity index
α, which is required for v ≥ 6. In the following, both
indices v and α will be replaced by the running index
nγ = 0, 1, 2, . . . .
The ΥvαIM can be explicitly constructed as a sum over
the states with explicit value of the projection K of the
angular momentum on the intrinsic axis [34, 35]
ΥvαIM (γ,Ω) =
I∑
K=0,even
FvαI,K(γ)ξ
I
KM (Ω), (10)
where
ξIKM (Ω) =
1√
2(1 + δK0)
[
DIM K(Ω) (11)
+(−1)IDIM −K(Ω)
]
(12)
and the FvαI,K(γ) are polynomials constructed from the
trigonometrical functions of γ [36].
The basis wave functions R(nβ ,v) are chosen as the
eigenfunctions of the harmonic oscillator Hamiltonian in
β:
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1
2
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− 1
β4
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∂β
β4
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+
v(v + 3)
β2
+
β2
β40
)
. (13)
The eigenfunctions of hh.o. have the following analyti-
cal form
Rnβ ,v(β) = Nβ
(
β
β0
)v
Lv+3/2nβ
(
β2
β20
)
exp
(
− β
2
2β20
)
,(14)
where β0 is an oscillator length and the normalization
constant Nβ is given as:
Nβ =
√
2nβ!
Γ(nβ + v + 5/2)
. (15)
The basis functions Rnβ ,v are completely specified by
the choice of the oscillator length β0. Our calculations
have shown that the fastest convergence of the results is
obtained when β0 is chosen to be equal to the value at the
region of the barrier separating spherical and deformed
minima so that the oscillator potential coincides with the
potential V (β, γ = 0) at the top of the barrier. For such
a choice of β0, (nβ)max = 30 is enough to provide a
convergence.
Diagonalization of the Hamiltonian (6) is real-
ized in the basis of SO(5)-SO(3) spherical harmon-
ics ΥvαIM (γ,Ω) truncated to some maximum seniority
vmax. As shown in [37], taking vmax = 50 is sufficient
to provide a convergence of the calculation. A concrete
realization of the construction of ΥvαIM (γ,Ω) performed
in [34, 35] is used in the present work. These functions
were first constructed in analytic form in [38] for I ≤ 6.
The potential energy V (β, γ) in (6) is chosen in the
form
V (β, γ) = U(β) + Cγβ
3(1− cos 3γ). (16)
In (16), the deformed minimum of the potential energy
is localized around γ = 0 for positive Cγ as it was as-
sumed in our previous paper [31]. At the same time, this
form of γ-dependence of V (β, γ) provides very weak γ-
dependence of V (β, γ) at small β because of the factor
β3. The form of the potential energy at γ = 0 (U(β))
and the parameter Cγ which determines the stiffness of
the potential with respect to γ in the deformed mini-
mum are fitted to reproduce the experimental data. As
the first step, we have taken U(β) as it was numerically
determined in [31], B0=0.004 MeV
−1 and brot = 0.2 and
performed calculations with different values of Cγ . We
have found that Cγ=50 MeV produces a reasonable value
of the frequency of γ-vibrations close to 1.5 MeV. No sig-
nificant changes were found in the calculation results for
the excitation energies and the E2 transition probabilities
when Cγ was varied around 50 MeV.
As before in [31], to describe the shape of the axially-
symmetric part of the potential we defined several points
fixing the positions of the spherical and deformed min-
ima, the rigidity of the potential near its minima, and the
4height and width of the barrier separating two minima.
The deformation at the second minimum has been taken
to be β = 0.24 in agreement with the experimental value
of B(E2; 2+2 → 0+2 ). The potential energy as a func-
tion of β is determined by using a spline interpolation
between selected points. Then we solve numerically the
Schro¨dinger equation with Hamiltonian (6), varying po-
sitions of the selected points in order to get a satisfactory
description of the energies of the 2+1 and 2
+
2 states and
the following transition probabilities: B(E2; 2+2 → 0+2 ),
B(E2; 2+1 → 0+1 ), and B(E2; 2+2 → 0+1 ). The number of
points is taken to be 16 to provide a smooth change of
the potential. However, not all the points are of the same
physical importance. In principle, the number of points
can be minimized as, obviously, the only relative depths
of the minima and the height and width of the barrier
leads to physically meaningful changes. The mass pa-
rameter has been taken finally as B0 = 0.005 MeV
−1 to
fix the energy of the 0+2 state.
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FIG. 1: Potential energy V (β, γ) obtained in the
calculations.
The resulting potentials V (β, γ) is presented in Fig. 1.
It is interesting that the inclusion of γ as a dynamical
variable leads to a significant change of the shape of the
potential in comparison to the case when γ was treated
as a constant and not as a variable. The most important
change occurs at the region of small β where the potential
becomes shallower. In this region, the resulting potential
is practically independent on γ and the wave function of
the 0+1 state becomes independent on γ as well. This is
not the case if γ is treated as a constant. This lack of
the phase space results in the necessity to take a much
deeper potential at small values of β to hold the wave
function of 0+1 state inside the spherical minimum when
γ is not considered dynamic.
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FIG. 2: Wave function of the 0+1 (a) and 0
+
2 (b) states.
RESULTS
The Hamiltonian eigenfunctions ΨInM , where I is the
angular momentum, M is its projection and n is a mul-
tiplicity index, are obtained in calculations as a series
expansions in the basic functions (8). However, for dis-
cussions below it is more convenient to present them in
the basis of functions ξIKM (11):
ΨInM =
∑
K
ψInK(β, γ)
1√
2(1 + δK0)
(
DIMK(Ω)
+(−1)IDIM−K(Ω)
)
(17)
We are using below the one-dimensional probability dis-
tributions over β which are obtained by integration of
|ΨInM |2 over γ and Euler angles
ΦIn(β) = β
4
∫ pi/3
0
sin 3γdγ
∫
dΩ|ΨInM |2. (18)
and the weights of the wave functions in the spherical
minimum WIn determined as
WIn =
∫ βm
0
dβΦIn(β), (19)
where βm is the position of the maximum of the barrier
for γ = 0.
The calculated wave function of the 0+1 and 0
+
2 states
multiplied by the β and γ- dependent volume element
are presented in Fig. 2. As it is seen, the wave function
of the 0+1 is strongly localized in the spherical minimum.
The wave function of the 0+2 state is mainly localized
in the deformed minimum. Their spherical weights are
W01=0.985 and W02=0.136 for 0
+
1 and 0
+
2 states, respec-
tively. The one-dimensional probability distribution over
β which can be obtained by integrating |ΨnβvαIM |2 over γ
and the Euler angles are presented in Fig. 3 for the 0+1
and 0+2 states.
For the lowest 2+ states the situation is similar. The
2+1 state is localized in the spherical minimum with the
weight W (2+1 )=0.928, while the second excited 2
+ state
is only weakly presented there with W (2+2 ) =0.144.
The wave functions of the 2+ states have components
with K=0 and K=2 determined by the expansion (17).
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FIG. 3: Distribution over β of the squares of the wave
functions of the 0+1 (solid line), 0
+
2 (dashed line) and 0
+
3
(dotted line) states calculated according (18).
The functions ψ2+nK for K=0 and K=2 multiplied by
the volume element are presented in Fig. 4 for the 2+1
state and in Fig. 5 for the 2+2 state.
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FIG. 4: The components of the wave function of the 2+1
state with K = 0 (a) and K = 2 (b) multiplied by the
volume element.
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FIG. 5: The components of the wave function of the 2+2
state with K = 0 (a) and K = 2 (b) multiplied by the
volume element.
Using these wave functions the matrix elements of an
arbitrary operator Fˆ can be calculated as
< f |Fˆ |i >=
∫
∞
0
β4dβ
∫ pi/3
0
sin 3γdγ
∫
dΩΨ∗f FˆΨi. (20)
We are particularly interested in calculations of the
E2 and M1 transition probabilities. The collective
quadrupole operator responsible for E2 transitions is
taken in the form
Qcoll2µ =
3Ze
4pi
R20
(
β cos γ D2µ0(Ω)
+
1√
2
β sin γ
(
D2µ2(Ω) +D
2
µ−2(Ω)
))
, (21)
where R0 is the equivalent volume-conserving spherical
radius of the nucleus and Z is the nuclear charge number.
The E0 transition strength ρ2(0+2 → 0+1 ) is calculated
using the expression
ρ2(0+2 → 0+1 ) =
(
3Ze
4pi
)2
|〈0+2 |β2|0+1 〉|2 (22)
For the M1 transition operator we use the same expres-
sion as in [31]
(M1)µ = µN
√
3
4pi
gR(β)Iµ, (23)
where µN is the nuclear magneton and gR(β) is the
deformation-dependent collective g factor.
The results of calculations for the energies of the low-
lying states and the electromagnetic transition probabil-
ities are presented in Table I and Table II together with
the available experimental data.
TABLE I: The calculated and the experimental energies
of the low-lying 0+, 2+, 3+ and 4+ states. The
experimental data are taken from [5, 40]
.
State Ecalc (MeV) Eexp (MeV)
E(0+2 ) 1.582 1.582
E(0+3 ) 2.443 2.695
E(0+4 ) 3.049 2.926
E(2+1 ) 1.724 1.750
E(2+2 ) 2.236 2.226
E(2+3 ) 2.974 2.669
E(2+4 ) 3.338 3.249
E(3+1 ) 2.653 2.439
E(4+1 ) 2.983 2.857
E(4+2 ) 3.447 3.082
As it is seen from the results presented in Tables I and
II the agreement between the calculated results and the
experimental data is quite satisfactory. This applies not
only to the 0+2 , 2
+
1 and 2
+
2 states on which attention was
focused primarily in determining the form of the collec-
tive potential.
Let us consider the results for the 0+3 , 0
+
4 , 2
+
3 and 4
+
1
excited states. The calculated energy of the 2+3 state ex-
ceeds the experimental value by 300 keV which is 10%
6TABLE II: The calculated and the experimental values
of the electromagnetic transition probabilities in 96Zr.
B(E2) values are given in W.u., B(M1) - in nuclear
magnetons. The value of Q(2+2 ) is given in e · barn.
Experimental data are taken from [39, 40].
transitions calc exp
B(E2; 2+1 → 0
+
1 ) 5.23 2.3(3)
B(E2; 2+2 → 0
+
1 ) 0.39 0.26(8)
B(E2; 2+2 → 0
+
2 ) 26.0 36(11)
B(E2; 2+2 → 2
+
1 ) 6.49 2.8
+1.5
−1.0
B(E2; 3+1 → 2
+
1 ) 0.22 0.1
+0.3
−0.1
B(E2; 3+1 → 2
+
2 ) 4.26 -
B(E2; 0+3 → 2
+
1 ) 1.14 -
B(E2; 0+3 → 2
+
2 ) 69.8 34(9)
B(E2; 2+3 → 2
+
1 ) 10.6 50(70)
B(E2; 2+3 → 2
+
2 ) 1.85 < 400
B(E2; 4+1 → 2
+
1 ) 16.7 16
+5
−13
B(E2; 4+1 → 2
+
2 ) 43.0 56(44)
B(E2; 4+1 → 3
+
1 ) 7.59 -
B(E2; 0+4 → 2
+
1 ) 0.36 0.3(3)
B(E2; 0+4 → 2
+
2 ) 2.02 1.8(14)
B(E2; 4+2 → 2
+
1 ) 4.82 -
B(E2; 4+2 → 2
+
2 ) 16.6 -
B(E2; 4+2 → 3
+
1 ) 0.07 -
B(E2; 2+4 → 2
+
1 ) 2.53 -
ρ2(0+2 → 0
+
1 ) 0.0023 0.0075
ρ2(0+3 → 0
+
1 ) 0.001 0.004
ρ2(0+3 → 0
+
2 ) 0.038 0.0035
B(M1; 2+2 → 2
+
1 ) 0.071 0.14(5)
B(M1; 3+1 → 2
+
1 ) 0.0002 0.3(1)
Q(2+2 ) −0.5 -
of the total excitation energy of this state. The cal-
culated value of B(E2; 2+3 → 2+1 )=10.6 W.u. is quite
collective as the experimental result. The experimental
value [40] can vary between 0 and 120 W.u. depend-
ing on the quite uncertain lifetime of this level and on
the unknown multipolarity of its decay transition to the
2+1 state. A distribution of the wave function of the 2
+
3
state over β, determined by (18), is presented in Fig. 6.
It is seen that the component with K=0 is almost equally
distributed between the spherical and deformed minima.
The component with K=2 is predominantly located in
the deformed minimum.
The experimental value of the excitation energy of the
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FIG. 6: Distribution over β of the squares of the
components of the 2+3 state with K=0 (solid line) and
K=2 (dashed line) calculated according (18).
3+1 state and the value of B(E2; 3
+
1 → 2+1 ) are reproduced
by the calculations quite well. However, the experimen-
tal value of B(M1; 3+1 → 2+1 )=0.3 µ2N is too large to
be reproduced in the framework of the collective model.
For instance, the value of B(M1; 3+γ → 2+γ ) for transi-
tion between the states of the γ-band in 168Er is equal
to 0.003 µ2N only, i.e. two orders of magnitude less than
the value for 96Zr. It could mean that the 3+1 state of
96Zr has a large component of the shell model neutron
configuration (s11/2d
−1
5/2)3 or even its structure is almost
exhausted by this configuration [39]. We mention, how-
ever, that the experimental value of B(E2; 3+1 → 2+1 ) can
be reproduced only if both states have a collective admix-
ture, since for the explanation of the experimental B(E2;
3+1 → 2+1 ) value the shell model neutron configurations
(s11/2d
−1
5/2)2,3 requires a neutron E2 effective charge equal
to one. The calculated wave function of the 3+1 state is
almost completely localized in the deformed minimum:
W31=0.96.
The strong E2 transition between the 0+3 and the de-
formed 2+2 states is reproduced by our calculations be-
cause a significant part of the wave function of the 0+3
state is localized in the deformed minimum of the poten-
tial (see Fig.3).
It is indicated in [39] that the 4+ states at 2750 keV
and 2781 keV presented in [40] have been observed in one
experiment each only and were never been confirmed.
For this reason we disregard these states and compare
the calculated characteristics of the 4+1 state with the
experimental data for the 4+ state observed at 2857 keV.
Our calculations reproduce the value of the very collec-
tive E2 transition 4+1 → 2+2 which shows that the signifi-
cant part of the wave function of the 4+1 state is localized
in the deformed minimum. This fact is confirmed by the
distribution of the wave function of the 4+1 state shown
7in Fig. 7. It is seen also that the wave function of the
4+1 state is exhausted by the K=0 component. The cal-
culated ratio B(E2; 4+1 → 2+2 )/B(E2; 2+2 → 0+2 ) = 1.65
is close to the Alaga value 1.43 for axially deformed nu-
clei. A distribution of the K=0, 2 and 4 components
of the wave function of the 4+1 state indicates that the
large part of the total wave function is indeed located in
the deformed minimum. At the same time the calculated
B(E2; 4+1 → 2+1 ) value agrees within the limit of the
experimental error with the observed value. The calcu-
lated ratio
(
E(4+1 )− E(0+2 )
)
/
(
E(2+2 )− E(0+2 )
)
is equal
to 2.14 which is close to the spherical limit. The experi-
mental value of this ratio 1.98 practically coincides with
the value for the spherical harmonic oscillator.
This astonishing apparent correspondence of the 4+1
state’s properties to contradicting limits of the collective
model can be understood from the following considera-
tion. The dominant parts of the wave functions of the
2+2 and 4
+
1 states are located in the deformed minimum.
However, smaller parts of the wave functions of these
states are spread over the spherical minimum. This fact
allows us to consider the 2+2 and 4
+
1 states as a mixture
of the two dominant, lowest-lying spherical and deformed
components, each. As a result of this mixing, the 4+1 state
with dominantly deformed character is shifted down in
energy because it is the lowest 4+ state. At the same
time, the predominantly deformed 2+2 state is shifted up
in energy since it is the second excited 2+ state. This
lowering of the excitation energy of the 4+ state and this
increase of the 2+ state’s energy in the deformed well
leads to the observed significant reduction of the R4/2 ra-
tio from the value of 10/3 expected for axially-deformed
nuclei towards a smaller value closer to 2.
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FIG. 7: Distribution over β of the squares of the
components of the 4+1 state with K=0 (solid), 2
(dashed) and 4 (dot-dashed) calculated according (18).
Let us analyze the result obtained for ρ2(0+2 → 0+1 )
which is by factor 3 smaller than the experimental value.
The definition of the ρ2(0+2 → 0+1 ) value is given in
(22). In order to get an expression for 〈0+2 |β2|01〉 in
terms of the quantities whose values are known from
other experiments let us calculate the double commu-
tator [[H, β2], β2] using the Hamiltonian (5). The result
is [[
H, β2
]
, β2
]
=
4~2
B0
β2. (24)
Taking the average of (24) over the ground state 0+1 and
assuming that the ground state is mainly related by E0
transition to the 0+2 state we obtain
|〈0+2 |β2|0+1 〉|2 ≤
2~2
B0
〈0+1 |β2|0+1 〉
1
E(0+2 )
, (25)
where E(0+2 ) is the excitation energy of the second 0
+
state. The sign of inequality in (25) appears because we
neglect a contribution into the value of 〈0+1 |β2Hβ2|0+1 〉 of
the other 0+ states higher in energy than 0+2 . The quan-
tity 〈0+1 |β2|0+1 〉 can be expressed with a good accuracy
through the B(E2; 2+1 → 0+1 ) value using the collective
model definition of the E2 transition operator:
〈0+1 |β2|0+1 〉 =
5B(E2; 2+1 → 0+1 )(
3
4piZeR
2
)2 . (26)
Substituting (25) and (26) into (22) we obtain
ρ2(0+2 → 0+1 ) ≤
~
2
B0
1
E(0+2 )
10B(E2; 2+1 → 0+1 )
e2R4
. (27)
In our calculations the value of
~
2
B0
was fixed as 5 keV in
order to reproduce the experimental value of E(0+2 ). Sub-
stituting this value and the calculated values of E(0+2 )
and B(E2; 2+1 → 0+1 ) into (27) we obtain that
ρ2(0+2 → 0+1 ) ≤ 0.005 (28)
in correspondence with the result given in Table I.
This result means that we can not exclude that the
pairing vibrational or some other modes play an impor-
tant role in the description of the E0 transitions.
All experimental data on low-lying excited states of
96Zr are presented in Fig. 8a and the corresponding calcu-
lation results are shown in Fig. 8b. In both figures, states
having very large spherical or deformed components are
highlighted in two separate columns on the left. In Fig.
8b the division is based on the results of wave functions
weightsWIn calculation which are shown in Table III. In
contrast to the results [39] presented in Fig. 8a we placed
the 4+2 state among the spherical and 3
+
1 state among the
deformed ones based on the results shown in Table III.
CONCLUSION
We have studied a possibility to describe the proper-
ties of the low-lying collective quadrupole states of 96Zr
8a) b)
FIG. 8: Experimental (a), [39, 40]) and calculated (b) low-energy level scheme of positive-parity states of 96Zr.
Excitation energies are given in keV, B(E2) transitions are given in W.u.
TABLE III: The calculated weights WIn in the
spherical minimum of the considered states of 96Zr.
State WIn State WIn State WIn
0+1 0.985 0
+
2 0.136 0
+
3 0.292
2+1 0.772 2
+
2 0.182 2
+
3 0.289
4+2 0.636 4
+
1 0.139 0
+
4 0.202
3+1 0.042 2
+
4 0.464
basing on the Bohr collective Hamiltonian. Both β and
γ shape collective variables are included into considera-
tion. The β-dependence of the potential energy is fixed
to describe the experimental data in a best possible way.
However, a γ-dependence of the potential is introduced
in a simple way favoring axial symmetry at large β. The
resulting potential has two minima, spherical and de-
formed, separated by a barrier. The inertia tensor is
taken in a diagonal form with the same values for both β-
and γ-vibrational modes. However, the rotational inertia
coefficient is taken to be 4 times smaller than the vibra-
tional one in order to reproduce the excitation energy of
the 2+2 state. Rather good agreement with the experi-
mental data is obtained for the excitation energies and
the E2 transition probabilities. The calculated B(M1;
2+2 → 2+1 ) value is two times smaller than the experi-
mental value. Consideration of the 3+1 → 2+1 M1 transi-
tion probabilities indicates the importance of knowledge
of the microscopic structure of that part of the collec-
tive state wave function that is localized in the spherical
minimum. At the same time our calculations show that
the wave function of the 3+1 state is localized mainly in
the deformed minimum. Thus, our calculations indicate
the problem in the description of the properties of the
3+1 state of
96Zr in the framework of the Geometrical
Collective Model. The calculated value of ρ2(0+2 → 0+1 )
is around three times smaller than the measured value.
This indicates an influence of the other degrees of free-
dom that is not included in the present consideration.
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